Abstract. There are a number of fundamental results in the study of holomorphic function theory associated to the discrete group PSL(2, Z) including the following statements: The ring of holomorphic modular forms is generated by the holomorphic Eisenstein series of weight four and six, denoted by E 4 and E 6 ; the smallest weight cusp form ∆ has weight twelve and can be written as a polynomial in E 4 and E 6 ; and the Hauptmodul j can be written as a multiple of E 3 4 divided by ∆. The goal of the present article is to seek generalizations of these results to some other genus zero arithmetic groups Γ 0 (N ) + with square-free level N , which are related to "Monstrous moonshine conjectures". Certain aspects of our results are generated from extensive computer analysis; as a result, many of the space-consuming results are made available on a publicly accessible web site. However, we do present in this article specific results for certain low level groups.
Introduction and statement of results
Consider the discrete group PSL(2, Z) which acts on the upper half plane H. The quotient space PSL(2, Z)\H has one cusp which can be taken to be at i∞. Let Γ ∞ denote the stabilizer subgroup for the cusp at i∞, which consists of isometries a b c d ∈ PSL(2, Z)
with c = 0. For every integer k ≥ 2, the holomorphic Eisenstein series E 2k (z) is defined by the absolutely convergent sum E 2k (z) := γ∈Γ∞\ PSL(2,Z)
where γ = * * c d .
There is an abundance of important and classical formulae which can be wound back to the holomorphic Eisenstein series E 2k . For example, if one defines The function ∆ is a weight twelve cusp form with respect to PSL(2, Z), meaning it vanishes as z approaches i∞. It can be shown that no smaller weight cusp form exists. Furthermore, ∆ is related to the algebraic discriminant of the cubic equation y 2 = 4x 2 − g 2 x − g 3 , in the complex projective coordinates [x, y, 1], which defines an elliptic curve associated to the modular parameter z.
All higher weight modular forms associated to PSL(2, Z), including Eisenstein series, can be written in terms of E 4 (z) and E 6 (z). For example, the formulae E 8 (z) = E 2 4 (z), E 10 (z) = E 4 (z)E 6 (z) and 691E 12 (z) = 441E 4 (z) 3 + 250E 6 (z) 2 ,
are just the beginning of the never ending list of interesting relations which one can write. Whereas the content of the above discussion is classical, there is a very modern component. The function
is a weight zero modular form on PSL(2, Z)\H which can be viewed as the biholomorphic function that maps PSL(2, Z)\H onto the Riemann sphere P 1 . If we set q = e 2πiz , then one can expand j(z) as a function of q, namely one has j(z) = 1 q + 744 + 196884q + 21493760q 2 + O(q 3 ) as q → 0. (3) In the 1970's, the coefficients in (3) were observed to be related to the sizes of the irreducible representations of the largest sporadic simple group, which is now known as "the monster". The observations were made precise through the "Monstrous moonshine conjectures", some of which are proven in the celebrated work by Borcherds. We refer the interested reader to [5] for a thorough account of the underlying mathematics and physics surrounding the moonshine conjectures as well as the mathematical history associated to j(z).
Setting to the side the important formulae themselves, one can summarize the above discussion as the three following points. First, the ring of holomorphic modular forms associated to PSL(2, Z) is generated by E 4 and E 6 . Second, the smallest weight cusp form ∆ has weight twelve, hence can be written as a polynomial in E 4 and E 6 . Third, the Hauptmodul j is equal to a multiple of E 3 4 divided by ∆, hence is a rational function in E 4 and E 6 . The goal of this article is to seek generalizations of the above three statements to certain other arithmetic groups related to the "Monstrous moonshine conjectures". Specifically, for any positive integer N , let + /{± Id}, where Id denotes the identity matrix. Observe that PSL(2, Z) = Γ 0 (1) + . It has been shown that there are 43 square-free integers N > 1 such that the quotient space X N := Γ 0 (N ) + \H has genus zero (see [3] ). Each group has one cusp, which we can always choose to be at i∞. As stated in the title, the aim of this paper is to present results in the study of the holomorphic function theory associated to these 43 spaces.
Let
denote the Dedekind eta function. For any square-free N assume that N has r prime factors, and let lcm(·, ·) denote the least common multiple function. Let σ(N ) equal the sum of divisors of N . It was proven in [7] that the function
is a weight k N = 2 r−1 ℓ N modular form on Γ 0 (N ) + , vanishing at the cusp i∞ only. For reasons discussed in [7] , we refer to ∆ N as the Kronecker limit function on Γ 0 (N ) + .
The main results of the present paper are the following statements which hold true for each square-free N provided that X N has genus zero.
(1) There is an explicitly computed integer M N such that ∆ MN N is equal to a polynomial Q N in holomorphic Eisenstein series associated to Γ 0 (N ) + ; (2) The Hauptmodul j N associated to Γ 0 (N ) + is equal to a rational function whose numerator is a polynomial P N in holomorphic Eisenstein series and whose denominator is ∆ MN N ; (3) The polynomials P N and Q N are explicitly computed; hence, we determine, for each N , a finite set T (N ) of holomorphic Eisenstein series such that any meromorphic form with at most polynomial growth at i∞ can be expressed as a rational function involving elements of T (N ) .
Points 1 and 2 are direct generalizations of the formulae (1) and (2) . Point 3 is a weak generalization of the result that the ring of holomorphic modular forms associated to PSL(2, Z) is generated by the holomorphic Eisenstein series of weight four and six. For certain small levels, we are able to compute generators of the ring of holomorphic forms; however, for general N , and for future investigations we plan to undertake, we are content with point 3 as stated.
The present article is organized as follows. In section 2 we establish notation and cite appropriate background material. In particular, we recall the Kronecker limit formula associated to the non-parabolic Eisenstein series on X N = Γ 0 (N ) + \H and an computer algorithm of [7] . In section 3, we prove some basic results regarding low weight modular forms for any level N > 1. In section 4, we present results regarding the ring of holomorphic forms for certain small levels. In section 5, we present a variant of the algorithm of [7] from which we prove that for every square-free N , provided that X N has genus zero, there is an integer M N such that ∆ MN N can be written as a polynomial in holomorphic Eisenstein series. Let j N denote the biholomorphic map from X N to the Riemann sphere P 1 which maps i∞ to zero. The algorithm described in section 5 allows us to prove that j N ∆
MN N
can be written as a polynomial in holomorpic Eisenstein series. The data provided by the algorithm is presented in Table 1 , as is a comparison of the results of the original algorithm of [7] and the modified variant thereof. From the algorithm developed in this paper, we are able to determine for each level N a set of holomorphic Eisenstein series which generate T (N ) , the ring of holomorphic modular forms associated to X N ; this information is given in Table 2 . It is important to note that the entries in Table 2 may not be a minimal set of generators, meaning that for each N there may exist further relations amongst the sets listed in Table 2 .
As N grows, so does the complexity of the formulae for ∆ N and j N . For example, when N = 17, our algorithm shows that the five holomorphic Eisenstein series of weights four through twelve generate T (17) and M 17 = 9, meaning ∆ 9 17 and j 17 ∆ 9 17 can be written as a polynomial in these five Eisenstein series. As an indication of the complexity of the formulae, we present these two examples in section 5. The formula for ∆ 17 and j 17 each occupy approximately one page.
We note that the Tables 3 and 4a of [2] describe, in their notation, how one can express each Hauptmodul j N in terms of holomorphic forms. In Table 3 we translate the aforementioned data from [2] , related to 43 groups defined by (4) with square-free N and genus zero, such that we explicitly write these formulae in terms of the Dedekind eta function and theta function attached to quadratic forms. By combining our formulae for j N and the formulae from [2] one has the prospect of obtaining further identities involving holomorphic Eisenstein series and theta functions.
As in [7] , the theoretical work developed in this article is supplemented by extensive computer analysis and, quite frankly, some of the results are not printable. For example, for N = 119, the formula for j 119 from [7] occupies nearly 60 pages. Nonetheless, in order to disseminate the results obtained by our algorithms, we have posted all formulae to a web site [8] .
2. Background material 2.1. Holomorphic modular forms. Let Γ be a Fuchsian group of the first kind. Following [10] , we define a weakly modular form f of weight 2k for k ≥ 1 associated to Γ to be a function f which is meromorphic on H and satisfies the transformation property
Assume that Γ has at least one class of parabolic elements. By transforming coordinates, if necessary, we may always assume that the parabolic subgroup of Γ has a fixed point at i∞, with identity scaling matrix. In this situation, any weakly modular form f will satisfy the relation f (z + 1) = f (z), so we can write
If a n = 0 for all n < 0, then f is said to be holomorphic in the cusp; f is called a cusp form if a n = 0 for all n ≤ 0. A holomorphic modular form with respect to Γ is a weakly modular form which is holomorphic on H and in all of the cusps of Γ. For Γ = PSL(2, Z), the full modular surface, there is no weight 2 holomorphic modular form. Nonetheless, one defines the function E 2 (z) by the q-expansion
It can be shown that E 2 (z) transforms according to the formula
From this, it is elementary to show that for a prime p, the function
is weight 2 holomorphic form associated to the congruence subgroup Γ 0 (p) of SL(2, Z). The q-expansion of E 2,p is
2.2. Certain arithmetic groups related to "moonshine". For any square-free integer N , the subset of SL(2, R) defined by (4) is an arithmetic subgroup of SL(2, R). As shown in [3] , there are precisely 44 such groups which have genus zero and which appear in "Monstrous moonshine conjectures". In this article we will focus on the 43 genus zero groups for which N > 1. We denote by Γ 0 (N ) + = Γ 0 (N ) + /{± Id} the corresponding subgroup of PSL(2, R). Basic properties of Γ 0 (N ) + , for square-free N are derived in [6] and references therein. In particular, we use that the surface X N = Γ 0 (N ) + \H has exactly one cusp, which can be taken to be at i∞.
Let T (N ) denote the ring of holomorphic modular forms associated to X N , and let T
2k denote the holomorphic modular forms of weight 2k. We will denote the subspace of cusp forms on X N of weight 2k by S (N ) 2k .
2.3. Holomorphic Eisenstein series on Γ 0 (N ) + . In the case when N > 1 is square-free, the holomorphic Eisenstein series associated to Γ 0 (N ) + are defined for k ≥ 2 by
where Γ ∞ (N ) denotes the stabilizer group of the cusp at i∞. In [7] it is proven that E
2k (z) may be expressed as a linear combination of forms E 2k (z), the holomorphic Eisenstein series associated to PSL(2, Z). Namely, it is known that
where σ α denotes the generalized divisor function
Formula (7), together with a well-known q-expansion of classical forms E 2k yields that the q-expansion of E (N ) 2k is given by
where B k denotes the k-th Bernoulli number.
2.4.
Kronecker limit function on Γ 0 (N ) + . Associated to the cusp of Γ 0 (N ) + one has a non-holomorphic Eisenstein series denoted by E par ∞ (z, s) which is defined for z ∈ H and Re(s) > 1 by
In [7] it is proven that, for any square-free N which has r prime factors, the parabolic Eisenstein series E par ∞ (z, s) admits a Taylor series expansion of the form
where η(z) is Dedekind's eta function associated to PSL(2, Z). As stated above, it is proven that the function
where
and lcm(·, ·) denotes the least common multiple function, is weight k N = 2 r−1 ℓ N modular form on Γ 0 (N ) + , vanishing at the cusp i∞ only. We call the function ∆ N (z) defined by (9) the Kronecker limit function on Γ 0 (N ) + .
2.5. The algorithm. Let X N = Γ 0 (N ) + \H have genus g. For any positive integer M , the function
is a holomorphic modular function on X N , meaning a weight zero modular form with polynomial growth near i∞. The q-expansion of F b follows from substituting the q-expansions of E (N ) k and ∆ N . Let S M denote the set of all possible rational functions defined in (10) for all vectors b = (b ν ) and m = (m ν ) with fixed M . In [7] , we implemented the following algorithm, which we refer to as the JST2 algorithm.
Choose a non-negative integer κ. Let M = 1 and set S = S 1 ∪ S 0 .
(1) Form the matrix A S of coefficients from the q-expansions of all elements of S, where each element in S is expanded along a row with each column containing the coefficient of a power, negative, zero or positive, of q. The expansion is recorded out to order q κ . (2) Apply Gauss elimination to A S , thus producing a matrix B S which is in row-reduced echelon form. (3) Implement the following decision to determine if the algorithm is complete: If the g + 1 lowest non-trivial rows at the bottom of B S correspond to q-expansions whose lead terms have precisely g gaps, meaning zero coefficients, in the set {q −1 , . . . , q −2g }, then the algorithm is completed. If the indicator to stop fails, then replace M by M + 1, S by S M ∪ S and reiterate the algorithm. If g = 0, then the algorithm stops if the lowest non-trivial row at the bottom of B S has a q-expansion which begins with q −1 . We also denote by M N the value of M for the group of level N at which Step 3 shows that the algorithm is completed.
As stated in [7] , the rationale for the stopping decision in Step 3 above is based on two ideas, one factual and one hopeful. First, the Weierstrass gap theorem states that for any point P on a compact Riemann surface there are precisely g gaps in the set of possible orders from 1 to 2g of functions whose only pole is at P . Second, for any genus, the assumption which is hopeful is that the function field is generated by the set of holomorphic modular functions defined in (10), which is related to the question of whether the field of meromorphic modular forms on Γ 0 (N ) + is generated by holomorphic Eisenstein series and the Kronecker limit function. The latter assumption is not obvious, and, indeed, the assumption itself is equivalent to the statement that the rational function field on X N is generated by the holomorphic Eisenstein series. As it turned out, for all groups Γ 0 (N ) + that we have studied so far, which includes all groups of genus zero, genus one, genus two, and genus three, the algorithm stopped. Therefore, we conclude that, in particular, the rational function field associated to all genus zero groups Γ 0 (N ) + is generated by a finite set of holomorphic Eisenstein series.
We described the algorithm with choice of an arbitrary κ and g. For reasons of efficiency, we initially selected κ to be zero, so that all coefficients for q ν for ν ≤ κ are included in A S . In [7] , it is shown that for each N , there is an explicitly computable κ = κ N such that if a modular form associated to Γ 0 (N ) + has integral coefficients in its q-expansion out to q κN , then all remaining coefficients are also integral. The list of κ N for square-free levels N provided that Γ 0 (N ) + has genus zero is given in Table 1 of [7] . In the implementation of the above algorithm, both in the present article and in [7] , the value of κ was finally increased to κ N .
In the present article, we implemented a slight variant of the above algorithm, which we refer to as the JST3 algorithm. The difference between the JST2 and the JST3 algorithm is the following action should the decision in Step 3 fail.
Replace M by M + 1, S by S M , and reiterate the algorithm. In other words, the JST3 algorithm studies the q-expansions of the space of rational functions of the form (10) with a fixed denominator ∆ N (z)
M . Should the JST3 algorithm successfully complete, then the row in B S with q-expansion beginning with q −1 would correspond to a formula for j N with denominator ∆ N (z) M and numerator given as a polynomial in Eisenstein series. Furthermore, any lower row in B S would correspond to a q-expansion beginning with q 0 , which would yield, upon clearing the denominator, a formula for ∆ N (z) M in terms of Eisenstein series. As we will report below, the JST3 algorithm has successfully completed for all genus zero groups Γ 0 (N ) + with square-free level N .
3. Modular forms on surfaces X N From Proposition 7, page II-7, of [1] , we immediately obtain the following formula which relates the number of zeros of a modular form, counted with multiplicity, with its weight and volume of X N . Lemma 1. Let f be a modular form on X N of weight 2k, not identically zero. Let F N denote the fundamental domain of X N and let v z (f ) denote the order of zero z of f . Then,
where E N denotes the set of elliptic points in F N and n e is the order of the elliptic point e ∈ E N . Lemma 1 enables us to deduce the following proposition. Proposition 2. Let N be a square-free number such that the surface X N has genus zero. Then, there are no weight two holomorphic modular forms on X N .
Proof. From the tables in [3] , one determines that all genus zero groups Γ 0 (N ) + , for a square-free N have a at most one elliptic point of order three, four or six and a various number of order two elliptic points. Let e N (2) denote the number of order two elliptic points on X N , and let n N ∈ {3, 4, 6} denote the order of the additional elliptic point on X N . Since all surfaces X N have one cusp and genus zero, the Gauss-Bonnet formula for the volume of the surface
where δ(N ) is equal to one if X N has an elliptic point of order different from two and zero otherwise.
For an arbitrary, square-free N and e | N , the elliptic element of Γ 0 (N ) + is of the form
where a, b, c, d, ∈ Z are such that |(a + d) √ e| < 2 and ade − (bcN )/e = 1. The first condition implies that either a + d = 0 or |a + d| = 1 and e ∈ {1, 2, 3}.
for any choice of a, b, c ∈ Z such that a(±1 − a)e − (bcN )/e = 1. Therefore, there are no order two elements in Γ 0 (N ) + such that |a + d| = 1. On the other hand, if a + d = 0, then −a 2 e − (bcN )/e = 1, hence
In other words, any elliptic element (13) of Γ 0 (N ) + has order two if and only if a + d = 0. Let
denote arbitrary elliptic element of Γ 0 (N ) + of order two, and let z η be its fixed point. Solving the equation η(z η ) = z η leads to the conclusion that (z η cN/ √ e − a √ e) 2 = −1. Assume f 2,N is a holomorphic modular form on X N of weight 2. By the transformation rule, we have that
hence z η is vanishing point of f 2,N . Since this holds true for any order two elliptic element of Γ 0 (N ) + , we conclude that all order two elliptic points of X N are vanishing points of f 2,N . Applying Lemma 1 to f 2,N , we arrive at the inequality Vol(X N ) 2π
which contradicts (12). Therefore, there are no weight two holomorphic modular forms on X N .
Though there are no weight two holomorphic forms on Γ 0 (N ) + , we may construct forms that transform almost like a weight two form, up to an order two character. (5) . Then the holomorphic function
satisfies the transformation rule
for any
Proof. Choose and fix any e | N . For any v | N , let (e, v) denote the greatest common divisor of e and v. Then, using the transformation formula (6) for E 2 , it is easy to deduce that
We claim that {v : v | N } = { ev (e,v) 2 : v | N }, which is easily deduced by induction in r. Furthermore, when e has an even number of prime factors, the parity of the number of factors of ev (e,v) 2 remains the same as the parity of the number of factors of v, while when e has odd number of factors, the parity changes, meaning that
and the proof is complete.
Proposition 4. The smallest even integer k N such that there exists a weight k N cusp form f N vanishing only at the cusp i∞ is given by the formula
where lcm denotes the least common multiple and (·, ·) stands for the greatest common divisor.
Proof. From [7] , one has that the volume of the surface X N is given by
where r is the number of (distinct) prime factors of N . By combining (15) with (11), we have that
(24,σ(N )) | k N . On the other hand, the cusp form f N does not vanish at order two elliptic points. As proven above, every surface X N for a square-free N has at least one order two elliptic point that is a fixed point of the Atkin-Lehner involution
it folows that 4 | k N . The smallest k N divisible by both 4 and 2 r−1 24
(24,σ(N )) is given by (14). Therefore, the proof is complete.
The above proposition, together with Theorem 16 form [7] yields the following corollary. 
is the smallest weight cusp form on X N vanishing at the cusp only. Furthermore, the order of vanishing of ∆ N at the cusp is given by
The next proposition determines the smallest weight k N for square-free N such that the space S (N ) kN is not empty. Proposition 6. Let N = p 1 · · · p r be a square-free positive integer where N > 1. Then, the smallest even integer k N such that there exist a weight k N cusp form on a genus zero surface X N is equal to 8, for N ∈ {2, 3} and equal to 4 for all other N .
Proof. When N = 2, it is immediate that k = 8 is the smallest number such that k · Vol(X2) 4π ≥ 1. Since ∆ 2 is weight 8 cusp form, the assertion is proven when N = 2.
When N = 3, k = 6 is the smallest number such that k · Vol(X3) 4π ≥ 1. However, if there exists a weight 6 cusp form on X 3 , this cusp form also vanishes at order two elliptic point e 2 of X 3 . Therefore, the right hand side of the formula (11) is at least 3/2, while the left hand side of the same formula with k = 6 is equal to 1, which yields a contradiction. This shows that 8 is the smallest possible weight of cusp form on X 3 . An example of weight eight cusp form on X 3 is E (3)
2 , so the case when N = 3 is complete. When N ≥ 5 we can construct the weight four cusp form on X N , whether or not the genus is zero, as follows. Let
From Proposition 3, it is immediate that E 4,N is weight four holomorphic form on Γ 0 (N ) + . Recall that for a square-free N with r prime factors we have the formula
The q-expansion (5) implies that E 2,N (z) is normalized so that its q-expansion has a leading coefficient equal to one. Therefore, the difference
4 (z) − E 4,N (z) is a weight four cusp form. By computing the q-expansion of E 4,N , we deduce that the term multiplying q in the q-expansion of E 4,N (z) is 
The leading coefficient is non-zero whenever N ≥ 5, hence ∆ N (z) is a weight four cusp form on X N .
Expressing the Hauptmodul in terms of Eisenstein series
In this section we discuss the main results of this article.
Theorem 7.
For any square-free N ≥ 1 such that the surface X N has genus zero, there exist effectively computable integers M N and m N , and explicitly computable polynomials P N (x 1 , . . . , x mN −1 ) and Q N (x 1 , . . . , x mN −1 ) in m N − 1 variables with integer coefficients such that the Hauptmodul j N can be written as Proof. The result follows, because for each square-free level N , provided that X N has genus zero, the JST3 algorithm terminates in finite time. As stated, the computer code as well as the output is available on web site [8] . In the space below, let us describe in further detail the output of the computational algorithm. We remind the reader that the JST2 and the JST3 algorithm are described in section 2.5.
After Gauss elimination, one of the q-expansions has a pole of order 1. This is the Hauptmodul, see section 5 for explicit examples. Keeping track of the linear algebra, we have an exact expression for the Hauptmodul as a linear combination of holomorphic modular functions (10) with rational coefficients. In other words,
where the sum is taken over all b = (b 1 , . . .) such that ν b ν m ν = k N M N , where M N is given in the right column of Table 1 and
There is also a q-expansion which is equal to the constant 1. Again, by keeping track of the linear algebra, we have an exact expression for the constant 1 as
where the sum is taken over the same set of b as above and D B ∈ Q.
By the design of the JST3 algorithm, this exact expression can easily be solved for the M N -th power of the Kronecker limit function, showing that
After multiplication of both numerator and denominator with the least common multiple of the denominators of the numbers C b and D b , we deduce the statement of the theorem. Table 1 provides the data regarding the performance of the JST2 and JST3 algorithms. More precisely, the first columns of data in Table 1 lists, for each level N provided that X N has genus zero, the weight k N of the Kronecker limit function and the integer κ N . To recall, it is shown in [7] if the q-expansion of a holomorphic modular form has integer coefficients out to q κN , then all further coefficients are also integral. The columns of data in Table 1 under the heading JST2 algorithm lists the integer M such that the JST2 algorithm stops, together with the q-expansions which are used in the Gauss elimination algorithm as well as the order of the largest pole at i∞ amongst the rational functions considered. The columns of data in Table 1 under the heading JST3 algorithm present similar information.
Remark 10. Table 2 provides a list of the holomorphic Eisenstein series E (N )
mν which appear in the expression for the Hauptmodul j N cited in Theorem 7. For all levels, the highest weight Eisenstein series has weight 26.
Remark 11. Expressions that are based on the track record of the linear algebra depend on how the base change is made through Gauss elimination. In particular, there may be linearly dependent functions, some of which survive the Gauss elimination while others get annihilated. We sought to express our results in terms of Eisenstein series whose weights are as small as possible. In other words, in the Gauss elimination we prioritized the holomorphic modular functions accordingly.
By expressing the Hauptmodul in terms of holomorphic Eisenstein series of smallest possible weights, we were able to determine a finite list of holomorphic Eisenstein series which generates the rational function field. Let G denote any modular form of weight k and consider the function
with non-negative integers n 6 , n 4 , and n such that k + 6n 6 + 4n 4 = k N nM N . There is a rational function R in one variable such that F (z) = R(j N (z)). Therefore, we conclude that G can be written as a rational function in terms of the holomorphic Eisenstein series that are listed in Table 2 . Table 1 . Performance of the JST2 and the JST3 algorithm. For all genus zero groups Γ 0 (N ) + we list the level N , the weight k N of the Kronecker limit function, the value of κ N in the proof of integrality [7] (left); the level N , the number of iterations M , the number of equations, and the largest order of pole for the JST2 algorithm (middle) and similar for the JST3 algorithm (right). 4  15  12  19  3  114  30  21  2  26  16  22  4  15  12  23  5  27  20  26  3  31  21  29  6  48  30  30  4  15  12  31  4  434  64  33  5  27  20  34  3  31  27  35  5  27  20  38  5  27  25  39  3  114  42  41  7  82  49  42  5  27  20  46  6  48  36  47  8  137  64  51  6  48  36  55  6  48  36  59  9  225  90  62  7  82  56  66  6  48  36  69  7  82  56  70  6  48  36  71  10  362  120  78  6  48  42  87  7  82  70  94  8  137  96  95  7  82  70  105  7  82  56  110  7  82  63  119  8  137  96 JST3 algorithm N M N #{eqs} pole  1  1  4  1  2  1  2  1  3  1  4  2  5  3  4  3  6  3  4  3  7  2  21  8  10  2  7  6  11  9  88  18  13  3  88  21  14  6  21  12  15  5  12  10  17  9  88  27  19  4  320  40  21  2  21  16  22  6  21  18  23  15  1039  60  26  4  55  28  29  15  1039  75  30  6  21  18  31  5  1039  80  33  8  55  32  34  4  55  36  35  7  34  28  38  10  137  50  39  3  88  42  41  21  8591  147  42  7  34  28  46  14  708  84  47  27  56224  216  51  11  210  66  55  8  55  48  59  33  310962 330  62  18  3094  144  66  8  55  48  69  14  708  112  70  8  55  48  71  39 1512301 468  78  9  88  63  87  17  2167  170  94  26  41646  312  95  11  210  110  105  9  88  72  110  9  88  81  119 10 137 120 Table 2 . Finite sets of Eisenstein series which include the generators of the holomorphic Eisenstein series on groups Γ 0 (N ) + of genus zero. Listed are level and finite set.
Remark 12. We note that the sets in Table 2 are not necessarily minimal sets of generators. A specific example in the case N = 2 is discussed below. As stated in the introduction, our goal was to determine a set of generators of the function field. Indeed, it seems to be a difficult problem to determine the structure of the ring of modular forms in any setting when M N > 1, meaning when there is an expression for the M N -th power of the Kronecker limit function in terms of holomorphic Eisenstein series yet no apparent expression for any smaller power of the Kronecker limit function.
Examples
In this section we will present a number of specific formulae for various levels. It seems as if each level has its own idiosyncratic characteristics, so we choose various examples which, in our opinion, depict some of the most comprehensible and quantifiable nuances. 5.1. N = 2. We will cite specific results here, referring the reader to the article [9] for additional information and proofs. The Kronecker limit function can be written as
8 (z). (16) In addition, one has that
8 (z). By arguing as in [10] , one can prove a dimension formula for the space of automorphic forms of weight 2k, namely that
The space T (2) 2k is generated by the set of monomials (E
8 (z)) n , where l, m, n are non-negative integers such that 4l + 6m + 8n = 2k. The dimension formula (17) yields some interesting number-theoretical formulae. For example, since dim T
4 (z). By equating the q-expansions (8) for k ∈ {2, 3, 5}, one obtains the following summation formula for the generalized sum of divisors:
where A (2) 2k−1 (n) = σ 2k−1 (n) + 2 k δ(n)σ 2k−1 (n/2), for k = 1, 2, . . . and δ(n) = 1 for even positive integers n and δ(n) = 0, otherwise.
Analogously, using formula (16), the q-expansion (8) and the q-expansion for the delta function, ∆(z) = ∞ n=1 τ (n)q n , where τ (n) is the Ramanujan function, one obtains relations involving τ , σ 3 and σ 7 .
5.2. N = 3. As with the case N = 2, we refer the reader to [9] for additional information and proofs. The Kronecker limit function vanishes to order 2 at i∞ and has weight 12. The smallest weight cusp form has weight 8, but it vanishes to order 1 at i∞, and, consequently, it vanishes elsewhere. The Kronecker limit function can be written as
12 (z) and the Hauptmodul is given by
12 (z). The dimension formula for the space of automorphic forms of weight 2k is dim T We note that the forms E (3)
2 and E
10 (z) − E
4 (z)E
6 (z) are cusp forms which vanish at elliptic points on X 3 ; see Appendix B of [9] . In other words, there are cusp forms of weight smaller than the weight of the Kronecker limit function, but these forms necessarily vanish at some point in the interior of X 3 , whereas the Kronecker limit function vanishes at i∞ only.
Finally, let us explain why E
does not appear in Table 2 . The information in Appendix B of [9] describes the zeros of small weight holomorphic forms. In particular, we conclude from the information provided that
for some explicitly computable constants c 1 and c 2 . From this, we get that
When combining (18), (19) and (20), we get a formula which expresses E
as a rational function involving E
4 , E (3) 6 and E (3) 12 , as asserted by Table 2. 5.3. N = 5. In the case N = 5, the surface X 5 has genus zero, three order two elliptic elements e 1 = i/ √ 5, e 2 = 2/5 + i/5, e 3 = 1/2 + i/(2 √ 5), and one cusp, hence Vol hyp (X 5 ) = π. Its Kronecker limit function has weight four, which is minimal, and the function vanishes at i∞ to order one, which is also minimal. As a result, we have that the mapping f → ∆ 5 f is an isometry between the spaces T (5) 2k−4 and S (5) 2k ; therefore, we arrive at the dimension formula
The space T (5) 2k is generated by the set of monomials (E
6 (z)) n , where l, m, n are non-negative integers such that 4l + 4m + 6n = 2k. From the output of the JST2 algorithm, we have that
The analysis of ∆ is a polynomial in the holomorphic Eisenstein series of weights four, six, eight and twelve. Namely, from the output of the JST3 algorithm, we have that
4 (z) + 2999646893 1836000000 E
12 (z) and
12 (z).
5.4. N = 6. Topologically, X 5 and X 6 are identical, with the same number of cusps, elliptic points of order two, and consequently, the same hyperbolic volume. The JST2 and JST3 algorithms performed similarly in both cases, as one can see from Table 1 and Table 2 . All comments above regarding the holomorphic function theory for X 5 hold for X 6 . However, as show in [6] , the analytic function theory of X 5 and X 6 are different. Specifically, the counting functions for the analytic Maass forms, when ordered by their Laplacian eigenvalues, are shown to be equal in their lead term but unequal in lower order terms.
5.5. N = 17. As we stated in the introduction, as N becomes larger, the formulae become massive. Our last example for N = 17. The Kronecker limit function has weight four and vanishes at i∞ to order four. From the JST3 algorithm, we have the following formulae: Table 3 . Known expressions of the Hauptmoduli j N for the genus zero groups Γ 0 (N ) + .
N Formula for tN = jN + const.
38 t38 is deduced from the formula t
t55 is deduced from the formula t Additionally, one has, in the notation of [2] , the functions θ x (a, b, c) and θ y (a, b, c) which are defined by the same series which defines θ(a, b, c) except one restricts the sum to odd values of x and y, respectively. By combining our results with the relations for the Hauptmoduli in Table 3 , it is possible to deduce many potentially interesting relations between classical Eisenstein series E k (z), eta functions and theta functions. For example, let us take N = 17. In the notation of Theorem 7 one has M 17 = 9 and the Hauptmodul j 17 (z) is given as a rational function of the form j 17 (z) = P 17 (E (17) 4 , E
, E
10 , E , where P 17 and Q 17 denote polynomials of degree 9 in five variables with integer coefficients, where coefficients are non-zero only if the sum of products of weights and corresponding degrees is equal to 36.
In a sense, this result is a direct analogue of formula (2) expressing the classical j-invariant for PSL(2, Z) in terms of classical holomorphic Eisenstein series.
Furthermore, formula (7) implies that the Eisenstein series E is a rational function in the Eisenstein series E 4 (z), E 4 (17z), E 6 (z), E 6 (17z), E 8 (z), E 8 (17z), E 10 (z), E 10 (17z), E 12 (z) and E 12 (17z) with integer coefficients.
Proceeding in a similar manner, for example when N = 29 or N = 47, we obtain other relations between theta functions, eta functions and holomorphic Eisenstein series E 2k .
Groups Γ 0 (N )
+ of higher genus. There are 38 different square-free levels N such that X N has genus one. Similarly, there are 39 and 31 different square-free N such that X N has genus two and three, respectively. In [7] , the authors studied the q-expansions for the corresponding function fields, proving that each function field admits two generators with various properties, such as minimal pole at infinity and integer coefficients. In particular, a polynomial relation was computed for each pair of generators, thus giving an algebraic equation for the corresponding projective curve. In future studies, we plan to investigate the various properties of these elliptic (genus one) and hyperelliptic (genus two) curves. There are a vast number of problems, both arithmetic and analytic, to be considered given that one knows the uniformizing group, a projective equation, q-expansions, and relations to holomorphic Eisenstein series.
